BREDON COHOMOLOGICAL DIMENSIONS FOR PROPER ACTIONS 

AND MACKEY FUNCTORS 



DIETER DEGRIJSE 



Abstract. For groups with a uniform bound on the length of chains of finite subgroups, 
we study the relationship between the Bredon cohomological dimension for proper actions 
and the notions of cohomological dimension one obtains by restricting the coefficients of 
Bredon cohomology to (cohomological) Mackey functors or fixed point functors. We also 
investigate the closure properties of the class of groups with finite Bredon cohomological 
dimension for Mackey functors. 

1. Introduction 

In this paper we build upon the work of Martinez-Perez and Nucinkis in [29j and 
investigate Bredon cohomology with Mackey functor coefficients and the notions of coho- 
mological dimension that can be derived from this. Throughout, let G be a discrete group 
and let T be the family of finite subgroups of G. The Bredon cohomology H3r(G, — ) of 
G for the family J-" is a generalization of the ordinary group cohomology of G, where the 
category of G-modules is replaced by the category Mod-OjrG of contravariant functors 
from the orbit category OjG to the category of abelian groups. The coefficient category 
Mod-Cj-G has an interesting subclass (see Remark 12. ip Mackj-(G) consisting of Mackey 
functors. Bredon cohomology with Mackey functor coefficients is often easier to handle 
than Bredon cohomology with general coefficients since it has more properties in com- 
mon with ordinary group cohomology, a key one being the existence of transfer maps. 
Inside the category Mack7r(G) one has the subcategory of cohomological Mackey func- 
tors coMackj-(G), of which the category of fixed point functors J-'ix(G) is an important 
subcategory. One therefore has the following chain of different classes of coefficients for 
Bredon cohomology 

J^ix(G) C coMack^(G) C Mack^(G) C Mod-C^G. 

By considering Bredon cohomology with coefficients in these different classes, one obtains 
four notions of cohomological dimension, satisfying 

(1) ^cd(G) < cd,„^(G) < cd^(G) < cd(G). 

Here cd(G) is the Bredon cohomological dimension of G for proper actions, and J-'cd(G) is 
an invariant introduced by Nucinkis in [30] (see also [31]) using slightly different methods. 
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The invariant cd(G) has a geometric interpretation. A proper G-CW complex is a G- 
CW-complex with finite isotropy groups. A classifying space for proper actions of G, or 
model for E_G, is a proper G-CW-complex X such that is contractible for every finite 
subgroup H of G. These spaces appear naturally throughout geometric group theory, 
and are important tools for studying groups. Classifying spaces for proper actions also 
have important K-theoretical applications. They appear for example in the Baum-Connes 
conjecture (see e.g. [1], [21], [23]) and in a generalization to infinite groups by Liick an 
Oliver of the Atiyah-Segal completion theorem (see f22]). We refer the reader to the 
survey paper [20j for more information about classifying spaces for families of subgroups 
and their applications. With these applications and others in mind, it is important to have 
models for EG with good geometric finiteness properties. One such finiteness property is 
being finite dimensional. The geometric dimension for proper actions of G is by definition 
the number 

gd(G) = inf{dim(X) | X is a model for EG}. 

This geometric invariant is connected to its algebraic counterpart by the following in- 
equalities (see [211 0.1]) 

cd(G) < gd(G) < max{cd(G),3}. 

We will investigate the relationship between the invariants in ([1]), and study the behavior 
of these invariants under group extensions and other operations. Our reasons for doing 
this are twofold. 

The first reason is inspired by the fact that one would like an as easy as possible 
geometric or algebraic criterion that decides whether or not a given group G admits a 
finite dimensional model for EG. Let nc denote the smallest possible dimension of a 
contractible proper G-CW-complex. A conjecture of Kropholler and Mislin (e.g. see [TH 
Conj. 43.1]) says that < cxd if and only if gd(G) < oo. Kropholler and Mislin verified 
their conjecture for groups of type FP^o in [H], Th. A], and later in [HI Th. 1.10] 
Liick proved it more generally for groups of finite length, i.e. with a uniform bound on the 
length of chains of finite subgroups. The general case however, remains unsolved. Nucinkis 
formulated an algebraic version of this conjecture (see [31]) stating that J-'cd(G) < cxd if 
and only if cd(G) < oo. So, J-'cd(G) should be seen as an algebraic version of nc although 
the connection between the two is presently only known to be one-sided. In general one 
has J-'cd(G) < ug, by a result of Kropholler and Wall (see [131 Th. 1.4]) but it is not even 
known whether the finiteness of J-'cd(G) implies the finiteness of nc, for all groups G. 
The invariants cd^Q^(G) and cd^(G) in ([T]) lead to refinements of Nucinkis' conjecture. 
One could hope to prove the conjecture by using cdgo^(G) and cd^(G) to interpolate 
between J^cd(G) and cd(G), or disprove it by showing that the conjectured implication 
already fails at cd^o^(G) or cd_,y^(G). 

Our second reason for studying Bredon (co) homology with Mackey functor coefficients 
and the accompanying notions of (co)homological dimension is that Bredon (co)homology 
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coefficients appearing in applications often turn out to te Mackey functors. For exam- 
ple, the Baum-Connes conjecture or the Atiyah-Segal completion theorem mentioned 
above contain generalized G-(co) homology theories wich can be computed via an Atiyah- 
Hirzeburch spectral sequence (see [H Th. 4.7]) whose second page contains Bredon 
(co)homology groups with Mackey functor coefficients. It is therefore of interest to con- 
duct a general study of Bredon (co)homology with Mackey functor coefficients and the 
related notions of dimension. 

The length 1{H) of a finite subgroup if of G is the length of the longest chain of 
subgroups of H. The length 1{G) of G is the supremum of the lengths of the finite 
subgroups of G. Given H ^ J-", let Ng{H) be the normalizer of H in G. It is known that 
the Weyl-group Wg{H) = Ng{H)/H satisfies J^cdiWdH)) < J^cd(G) (see |3ll Lemma 
4.3]). Regarding Nuckinkis' conjecture and the relationship between the invariants in ([1]), 
it is known that cd(G) < J^cd(G) + 1{G) when 1{G) < oo, and vcd(G') = J^cd(G) = 
cd^(G) when G is virtually torsion-free. This ffist statement follows from combining 
Theorem 4.4 of [31], Theorem 1.10 of [18] and Theorem 3.10 of [26], and the second 
one is the main theorem of [29]. In Theorem A, B and C below, we will generalize or 
improve these results. Recently, Nucinkis' conjecture for groups with unbounded torsion 
was studied in [TU], and in [27] and [2B] the invariant cd(G) was investigated using posets 
of finite subgroups. 

Theorem A. Let G be a group with 1{G) < oo. Then we have 

J'cd(G') = c4„^(G) = cd^(G') < cd(G') < max {j^c<1{Wg{H)) + 1{H)\. 

Regarding these inequalities, it should be mentioned that (see Remark |3. 6 p for each s G N, 
there exists a virtually torsion-free group Gg with l{Gs) = s such that 

J^cd(G',) + s = cd(G,). 

Also, in Proposition 14.61 we prove in general that 

J^cd{G) = cd^o^(G') if cd^oAiiG) < oo. 

It is a standard fact that the ordinary cohomological dimension of groups behaves 
sub-additively, with respect to group extensions. Since there are examples of virtually 
torsion- free groups G for which vcd(G') < cd(G) (see [ISl Th. 6 and Ex. 12]), one 
concludes that this is no longer true for Bredon cohomological dimension. Moreover, it is 
not even known whether the class of groups with finite Bredon cohomological dimension is 
closed under group extensions. Since Bredon cohomology with Mackey functor coefficients 
behaves better than Bredon cohomology with general coefficients, one could hope that the 
invariants cd(c„)^((j) (i.e. cd^^^^(G) and cd^^(G)) do behave sub-additively, with respect 
to group extensions. In the second main result, we prove this under some additional 
assumptions. 
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Theorem B. Consider a short exact sequence 

1 iv G A g 1 

such that every finite index overgroup of N in G has a uniform bound on the lengths of its 
finite subgroups that are not contained in N. If either cd(^co)Mi^) < oo or cd(A^) < oo, 
then we have 

Given a class of groups C, let Hi(n)C be the class of all groups G for which there exists 
a contractible G-CW-complex of dimension at most n with isotropy in C As a variation 
on this, define lli{n)(t to be the class of all groups G that act by isometrics, discrete orbits 
and with isotropy in €. on separable CAT(0)-space of topological dimension at most n. 
Given two classes of groups € and D, let Ext(C, D) the class of all groups that arise as an 
extension of a group in C by a group in D. Denote by ^d, respectively DJld, the class of 
all groups G with J^cd(G) < d, respectively cd^^(G) < d. Finally, denote by 2, the class 
of all groups that have finite length. By Theorem A, we have £ fl = £ fl VJHd for all 
d eN. We prove that the classes of groups 

d=[jdd and m=[jmd 

satisfy the following attractive collection of closure properties. 

Theorem C. For all natural numbers c, d and n, the following hold 

(1) ^d cmd Wld are subgroup closed 

(2) ^d and 071^ are closed under taking quotients by finite normal subgroups 

(3) Ext(£n9Jl„9Jlrf) Cim,+, 

(4) Hi(ri)^?rf C 

(5) Hi(n)^d C ^„+rf 
(5) Hi(n)9Jld C mn+d- 

2. Preliminaries 

Modules over a category and cohomology. We start by recalling some of the ele- 
mentary notions needed to develop a theory of modules over a category and cohomology 
of a category. For this we will follow the approach of [T71 Ch. 9], to which we refer for 
further information and proofs of the statements made in this subsection. 

Let C be a small category. A right (left) C-module is a contravariant (covariant) functor 
from C to the category of abelian groups Ab. The right (left) C-modules are the objects of 
a category Mod-C (C-Mod), where the morphism are natural transformations of functors. 
The category Mod-C (C-Mod) is an abelian category, where a sequence 

^ M' ^ M ^ M" ^ 
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is called exact if it is exact after evaluating in c, for all c G Ob(C). Take M G Mod-C and 
consider the left exact functor 

Homc(M, -) : Mod-C ^ Ab : Homc(M, iV), 

where Homc(M, A") is the abelian group of all natural transformations from M to A". By 
definition, M is a projective C-module if and only if this functor is exact. By considering 

the contravariant functor Homc(— ,A^), one can define injective C-modules in a similar 
way. Given M G Mod-C and A" G C-Mod, one defines their tensor product M (8)^ A^ to be 
the following abelian group 

M^cN= M{c)®N{c)/l, 
ceob(c) 

where / is the abelian group generated by the elements 

M{ip){m) ®n-m® N{(p){n), 
for all ip G Mor(c, c'), m e M(c'), n G N{c) and for all c, c' G Ob(C). 

Given M G Mod-C and A" G C-Mod, one can define the right exact functors 

-<^cN : Mod-C ^ Ah -.V ^V(»cN 

M®c- ■ C-Mod kh: M ®cR- 
Next, we describe the free modules in Mod-C and C-Mod. 

Take c G Ob(C) and define the right C-module 

Z[-,c] :C^Ab:6^Z[6,c], 

where Z[6, c] is the free abelian group generated by Mor(6, c) and a morphism (/? G 
Mor(6i, 62), is mapped to 

Z[ip,c] : Z[62,c] ^ Z[6i,c] 

where c\{a) = a o for all a G Mor(62, c). Similarly, one can define the left C-module 
Z[c, — ] for every c G Ob(c). Arbitrary direct sums of modules of the form Z[— , c] (Z[c, — ]) 
are called free right (left) C-modules. The summands arc called basic free modules. A 
free module is called finitely generated if it is a direct of finitely many basic free modules. 
Free modules are free in the following sense: given a right C-module, an object c G Ob(C) 
and an element m G M(c), there exists a unique natural transformation 99 : Z[— , c] — >■ M 
such that 93(c) (Idc) = m, and similarly for left modules. This implies that any C-module 
is a quotient of a free C-module. A C-module is called finitely generated if it is quotient 
of a finitely generated free module. Basic free modules satisfy the following version of 
Yoneda's lemma. Let M G Mod-C and A^ G C-Mod. For each c G Ob(C), there are 
natural isomorphisms 

Z[-, c]®cN ^ N{c) -.(f^n^ N{(p){n), 
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M ®c ^[c, -] ^ M{c) : m (g) iH- M{(p){m) 

and 

Homc(Z[-,c],M) ^ M(c) : / ^ /.(Ide). 

Using this last isomorphism, one can easily show that free CjrG-modules are projective. 
One can also verify that a right C-module is projective if and only if it is a direct summand 
of a free C-module. 

Let P be a small category. Associated to a functor n : V ^ C, one has a restriction 
functor 

res^ : Mod-C Mod-V : N i-^ N ott, 

an induction functor 

ind^ : Mod-P ^ Mod-C : M ^ M(?) ®v Z[-, 7r(?)] 
and a coinduction functor 

coind^ : Mod-V Mod-C : M ^ Homi, (^Z[7r(?), -], M(?)) . 

Of course, one can define these restriction and (co) induction functors for left modules as 
well. The functor indjr is left adjoint to the functor reSjr and the functor coindTr is right 
adjoint to the functor res,r- In particular, there are isomorphisms 

(2) Homc(ind^(M), TV) ^ Homi,(M, res^(iV)) 

(3) Homo(res^(A^), M) ^ Homc(A^, coind^(M)) 

that are natural in M e Mod-D and N e Mod-C. In a similar spirit, one also has the 
following natural isomorphisms 

(4) ind^(M)(8)cA^ = M(8)^,res^(A^) 

(5) les^iN) (g)j) M ^ N ^ci^dniM). 

For each M G Mod-C, there exists a free right C-module F, together with a surjection 
F ^ M. By using the splicing technique, this shows that every M e Mod-C admits a 
free (and hence projective) resolution. One can also show that every module admits an 
injective coresolution. Hence, all the ingredients are in place to construct Ext-functors 
Ext2(— , — ) that have all the usual properties. 

Finally, let us mention that if C is a preadditive category for which the morphism 

sets arc free abclian groups, then one can develop an entirely similar theory as above by 
considering the categories of contravariant and covariant additive functors from C to Ab. 
Essentially the only difference is that in order to construct basis free modules, one does 
not have to consider free abelian groups generated by morphism sets, but can use the 
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morphism sets themselves (which aheady are free abehan). This situation will come up 
when we consider the Mackey category. 

Bredon cohomology. We will now apply the general theory presented above to the or- 
bit category with finite isotropy. For more details on Bredon (co)homology one can for 
example consult |8] and [32]. 

A family of subgroups J-" of a group is a collection of subgroups of that group which is 
closed under conjugation and taking subgroups. In what follows, T will always denote the 
family of finite subgroups of a given group. Let G be a group. The orbit category OjG 
is a category defined as follows: the objects are the transitive G-sets GjH for all G J-" 
and the morphisms are all G-equivariant maps between the objects. Note that every 
morphism : GjH — )■ GjK is completely determined by ^p{H), since (p{xH) = xip{H) 
for all X E G. Moreover, there exists a morphism 

G/H ^G/K -.H ^xKii and only if x-^Hx C K. 

We denote the morphism : G / H ^ G / K : H ^ xK hy G / H ^ G/K. 

When applying the theory of the previous section to the orbit category OjrG, we will 
abbreviate Romo^^ciM, N) by Homj-(M, N) and M^o^gN by M®tN. The n-th Bredon 
cohomology of G with coefficients M G Mod-(9jrG is by definition 

H^(G,M) = ExtS^c(Z,M) 

where the functor Z is constantly equal to Z on objects and maps all morphisms to the 
identity map. The augmented cellular chain complex G^,{E_G~) — )• Z of a classifying 
space for proper actions of G is a free OjrG-resolution of Z that can be used to compute 
H^(G, M). The Bredon cohomological dimension of G for the family J-" is defined as 

cd(G) = sup{n G N I 3Af G Mod-Cj-G : H^(G, M) ^ 0}. 

The invariant cd(G) is also called the Bredon cohomological dimension for proper actions. 

When is a subgroup of G, we have an obvious functor 

i% : O^N -> O^G : N/H ^ G/H. 

The restriction and (co)induction functors associated to this functor will be denoted by 
res^ and (co)ind^. Note that in this context, we will usually omit restriction functors from 
the notation. It is well-known that (e.g. see |33l Lemma 2.9]) the functor ind^ is exact 
and that the functor res^ preserves free and hence projective objects. Using this, one 
obtains a version of Shapiro's lemma for Bredon cohomology: for each M G Mod-Oj-A^ 
we have 

H^(Ar,M) = H>(G,coind^(M)) 
for every n G N. It follows from this isomorphism that cd(A^) < cd(G). 
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It is clear that one can also define an orbit category, and therefore Bredon cohomology, 
for any other family of subgroups of G. 

Mackey functors. We now turn to Mackey functors. Mackey functors were introduced 
for finite groups by Dress and Green, and were studied extensively in this context by 
Thevenaz, Webb and others (e.g. see [31], [35]). However, many of the elementary results 
obtained about Mackey functors for finite groups generalize to infinite groups and their 
family of finite subgroups. Our treatment of Mackey functors follows the approach of 
Martinez-Perez and Nucinkis in 1291. 



Let G be a group and let J-" be the family of finite subgroups of G. Consider the 
diagrams of the form 



(6) 



G/S ^ A 4 G/K 



where the maps and ip are G-equivariant, S,K E and A = IJ"=iG'/ifj is a finitely 
generated G-set with stabilizers in J^. A diagram of the form (EJ is called equivalent to a 
diagram 

G/S ^ A' ^ G/K 
if there exists a G-equivariant bijection : A — t- A' such that 

A 




G/S 




G/K 




commutes. By ujjr{S, K) we mean the set of equivalence classes of diagrams of the form ([6]). 
Elements of u:jr[S^ K) are called morphisms. Note that we also allow the empty morphism 
G/S ^ — )■ G/K. One can check that ujr{S,K) is a free abelian monoid with disjoint 
union of G-sets as addition and the empty morphism as neutral element. A basic morphism 
in uJciS^K) is a morphism that can be represented by a diagram of the from G/S A 
G/L ^ G/K. The Mackey Category (also called Burnside category) M.j^G is defined as 
follows. Its objects are the transitive G-sets G/H for all H E J^. The space of morphisms 
Mor(G/5', G/K) is by definition the abelian group completion of ujr{.S, K). Composition 
is defined by pullback in the category of G-sets on basis morphisms and then extended via 
linearity to all morphisms. To be more specific: let if G Mor (G/S*, G/i^') be represented 

by the diagram G/S A G/L ^ G/K and let il) G Mot{G/K,G/H) be represented by 

the diagram G/K ^ G/P ^ G/H. Then the composition ^ o e Mor(G/^, G/H) is 
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represented by the outer diagram below, obtained by taking the puUback in the category 
of G-sets of G/L 4 G/K ^ G/P. 



A 




G/L G/P 




G/S G/K G/H 

We will denote the set of morphism from G/S to G/K in A^j-G by lP[S,K]. Let us 
point out that this group is different from l^G / S,G / K], which is the free abelian group 
generated by the morphism from G/S to G/K in the orbit category Oj^G. The category 
Mackj-G is the category with objects the contravariant additive functors M : Aij^G — )■ Ab, 
and morphisms all natural transformations between these functors. An object of MackjrG 
is called a Mackey functor. Of course one can also consider the category of covariant ad- 
ditive functors from Aij^G to Ab, which is isomorphic to Mack^rG. 

When applying the theory of the previous section to the Mackey category Aij^G (which 
is a preadditive category), we will abbreviate HomMyrciM, N) by Hom_M^(M, A^) and 
M ®MtG N hj M ®Mt N ■ One can construct a functor tt from the orbit category Oj^G 
to the Mackey category Aij^G. Obviously, vr will map an object G/K in OjrG to the object 
G/K in AijrG. A morphism G/S G/K is by definition mapped to the morphism in 
the Mackey category represented by G/S ^ G/S A G/K. The associated restriction 
and induction functors 

res^ : Mack^G ^ Mod-C^G : M ^ Mon = M*, 

and 

ind^ : O^G Mack^G : A^ ^-> A^(?) (g)^ Z^[-, 7r(?)] 
are connected via an adjointness isomorphism 
(7) Hom^(Ar, M*) = Hom^^(ind^(Ar), M). 

One can show that ind^{Z[-, G/H]) = Z^[-,H] (see [29, Th. 3.7]). 

Remark 2.1. The functor 

res^ : Mack^G ^ Mod-C^G : M ^ M* 

is not a faithfull functor, meaning that there exist Mackey funtors Mi and M2 such 
that Ml ^ M2 but Ml = M^. Therefore, the notation Mackj-(G) C Mod-Cj-G from 
the introduction is a little misleading, and we were careful not to say that MackjF(G) 
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is a subcategory of Mod-Oj^G, but used the 'meaningless' term subclass. The notation 
Mackjr(G) C Mod-OjrG is just meant to point out that one can consider Bredon coho- 
mology with Mackey functor coefficients via the assignment M i— )■ M*. One could also 
define cohomology of Mackey functors, within the category Mackj-G, as the Ext-functors 
Ext^ti g(^^) where = Z^[-,G]= ind^(Z) is the Burnside ring functor. However, 
Martinez-Perez and Nucinkis prove in [291, Th. 3.8.] that 

Ext:t(,^(Z«,M) = ExiS^e(Z,M*), 

so this does not give anything new. 

In what follows we will also require the following notation. Let M G MackjrG be a 
Mackey functor. For H (1 K & T and g & G one defines the maps 

- = M{G/H 4- G/H G/K) : M{G/K) M{G/H) 

- I§ = M{G/K ^ G/H G/H) : M{G/H) M{G/K) 

- Cg{H) = M{G/aH ^ G/H G/H) : M{G/H) M{G/9H). 

is called a restriction map, is called an induction map or transfer map and Cg{H) is 
called a conjugation map. One could also define a Mackey functor as collection of abelian 
group {M(G / H)}HeT, together with a collection of restriction, induction and conjugation 
maps between these abelian groups, that satisfy certain compatibility conditions including 
the so-called Mackey axiom (see Section 2 of [34] and [35j). 

Interesting examples of Mackey functors arise naturally from representation rings. Burn- 
side rings, topological K-theory of classifying spaces and algebraic K-theory of group rings 
of finite groups, to name just a few. A lot of interesting Mackey functors have an addi- 
tional property called conjugation invariance (e.g. see [12]), which says the the conjuga- 
tion maps Cg : M(G/H) M{G/H) are identity maps for all if G J-" and all g contained 
in the centralizer Cg{H) of H in G. For this reason, the conjugation invariance condition 
is sometimes (e.g. in [191 Sec. 5]) added to the definition of a Mackey functor. We do not 
require this, and work with the most general definition of a Mackey functor. 

A Mackey functor M G MackjrG is called cohomological if 

fj^oR^ = [K : H]ld 

for all ii C G J-". The subcategory of MackjrG containing all cohomological Mackey 
functors will be denoted by coMackjrC. Note that quotient and sub-Mackey functors 
of cohomological Mackey functors are again cohomological Mackey functors. Important 
examples of cohomological Mackey functors include fixed point functors and coinvariance 
functors. Let M be a left G- module. The fixed point functor M is defined by the collection 
of abelian groups M{G /H) = for a\\ H E F where 

= {m e M \ h ■ m = m for all h e H}, 
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and for all L C K G T and g & G, the restriction, induction and conjugation maps 

-.M^ -.m^ k-m 

keK/L 

and 

Cg{K) : -> M'^ -.m^g-m. 

It is an easy matter to verify that this data indeed produces a cohomological Mackey 
functor M : AijrG — )■ Ab : G/H t— )■ . The subcategory of coMackj-G consisting of 
fixed point functors will be denoted by J^ix{G). The functor from the category of left G- 
modules to the category of Mackey functors of G that assigns to a G-module M the fixed 
point functor M is right adjoint (see [291 Lemma 4.2]) to the evaluation at the identity 
functor 

ev : Mack^G ^ G-Mod : M ^-> M{G/e). 

In particular, for every G-module M and every Mackey functor of G, there is a natural 
isomorphism 

HomG(A^(G/e),M) A Hom;vi^(A^, M). 

Since for any right OjrG-module L, one has ind^(L)(G/e) = L{G/e) as G-modules (be- 
cause 7P[e,H] = Z[G/e,G/H]), one can combine the isomorphism above with the iso- 
morphism ([7]) to obtain an adjointness isomorphism 

HomG(L(G/e),M) ^ Hom^(L,M*) 

for every left G-module M and every right OjrG-module L. One can view M as being 
the zeroth cohomology functor G/H ^ H°(if, M). More generally, it turns out that all 
cohomology functors G/H ^ II"(if, M) have the structure of a cohomological Mackey 
functor, as do the homology functors G/H ^ H„(i7, M) (e.g. see [21 Prop. 9.5]). We will 
call the zeroth homology functor G/H Ho(//, M), the coinvariance functor associated 
to M and denote it by M. 

Suppose that is a subgroup of G. Then, we have a functor : M.jr^]^N — )• A/f j-G 
defined in the obvious way. Just as before but now for Mackey functors, this functor 
induces a restriction functor res^ that preserves projective objects (see [29], Prop. 3.1]) 
and an exact (co)induction functor (co)ind^ satisfying the usual adjointness properties. 
The restriction functors of the form res^ will usually be omitted from the notation. The 
following two propositions contain key properties of Mackey functors, which fail in general 
for right OjrG-modules. These properties are the main reason why Mackey functors are 
interesting from a cohomological point and view and they explain why Mackeys functor are 
perhaps a more natural generalization of ordinary G-modules than right OjrG-modules. 
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Proposition 2.2. [ 29] Lemma 3.2 and Th. 3.3] Let N be subgroup of G and M e 
MackjrA^. There is a natural inclusion of Mackey functors 

i : ind^(M) coind^(M). 

Moreover, for each S E , we have 

ind^(M)(G/S) ^ M{N/''SnN) 

x&[N\G/S] 

coind^(M)(G/5) ^ W MiNf'SnN) 

x&[N\G/S] 

such that the inclusion i{G/S) corresponds to the natural inclusion of the sum into the 
product. If these natural inclusions are isomorphisms for each S G J^, then ind^(M) 
and coind^(M) are isomorphic as Mackey functors. In particular, this happens when 
[G:N]< oo. 

Using the adjointness isomorphism ([7]) one can check that for every M G MackjrA^, 
there is an isomorphism of right OjrG-modules 

(8) coind^(M)* = coind^(M*). 

On the other hand, the right (9 jrG- modules ind^(M)* and ind^(M*) are quite different. 
The reason for this discrepancy and for the fact the that the proposition above is not 
true for modules over the orbit category is basically that the space of morphisms between 
objects in the Mackey category is symmetric (i.e. Z'^lH, K] = 'Z'^[K, H]), while morphism 
sets in the orbit category are highly asymmetrical. 

To state the second proposition, we need to generalize our notion of Mackey functor in 
the following way. Let 5 be a family of subgroups of G. In ([6]), we allow more generally 
all diagrams of the form 

G/Si^ G/K 

where the maps (p and ip are G-equivariant, S,K E S and A = U^^iG/ifj is a finitely 
generated G-set such that where (p{eHi) = XiS, is a finite index subgroup of S for 
each i G {l,...,n}. Now can proceed similarly as before to obtain a category AigG 
which allows for isotropy in all subgroup of iS. A Mackey functor of G for the family 

is a contravariant additive functor from A4sG to Ab. As before one can also define 
restriction, induction and conjugation maps for these Mackey functors, keeping in mind 
that the induction maps I§ will only exist when if is a finite index subgroup of K. 

Let ACC be the family containing all subgroups of G. The following proposition was 
proven in fi3\ Cor. 4.14 and Prop. 5.4] in the case where G is a finite group and J-" is a 
family of subgroups of G. The proof goes trough in the case of infinite groups. 
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Proposition 2.3. [13^ Cor. 4.14 and Prop. 5.4] Let G be a group and let M e MackjrG 
be a (cohomological) Mackey functor. Then for each n, 

MaccG Ab : G/N ^ H^(A^, M*) 

is a (cohomological) Mackey functor. 

More generally this proposition is also true when J-" is replaced by any other family of 
subgroups containing only finite subgroups. 

3. An upper bound for the Bredon cohomological dimension for proper 

ACTIONS 

Let G be a group and let J-" be the family of finite subgroup of G. In [30] (see also [31] and 
[9]), Nucinkis introduces a cohomology theory J^H*(G, M) for groups G and G- modules 
M, relative to the family of finite subgroups J-". The groups J-'H*(G, M) can be computed 
by taking the cohomology of a cochain complex obtained from applying HomG(— , M) to 
an J-'-projective resolution — >■ Z. An J-'-projective resolution — )• Z is by definition 
an exact chain complex of G-modules P* — )■ Z that is split when restricted to every finite 
subgroup of G, and such that each P„ is a direct summand of a G-module of the form 
V"®Z[A], where A is the G-set lJ//gjrG/if and \^ is a G-module. The cohomology theory 
J-'H*(G, — ) yields the notion of cohomological dimension of G, relative to the family of 
finite subgroups 

J^cd(G) = sup{r2 G N I 3M G G-Mod : J'H"(G, M) ^ 0}. 

Using the following known proposition one can also define J-'cd(G) using Bredon coho- 
mology with fixed point functor coefficients. 

Proposition 3.1. ([29, Th. 4.3] or [26l Eq. (3)]j Let G be a group. Then we have 

J-H'^(G,M) = H^(G,M*) 

for every G-module M and every n eN, and hence 

J^cd(G) = sup{r2 G N I 3M G J^ix(G) : H>(G, M*) 0}. 

Proof. Let P be a free OjrG-resolution of Z. In [3li Cor. 3.4] it is shown that F{G/e) 
is an J-'-projective resolution of Z that can be used to compute J-'H"(G, M). Since fixed 
point functors are right adjoint to evaluation at the identity functors, we obtain 

H>(G,M*) =H"(Hom^(P„M*)) = H"(HomG(P*(G/e), M)) = J^H"(G, M). 

□ 

It is an immediate fact that J-'cd(G) < cd(G). 
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Definition 3.2. Let if be a finite subgroup of a group G. An l-chain of if is a strictly 
ascending sequence of subgroups 

{e} = iio C iii C . . . C ii, = ii. 

The length 1{H) of a finite subgroup if of G is the largest integer I such that there exists 
an Z-chain of H. The lenght of G is by definition 

1{G) = sup{Z(ii) \ H eJ"}. 

Let M be a right Cj-G-module. We define the number 

{(M) = min{/(ii) \ H such that M{G/H) ^ 0} 

if M is not the zero module, and put .^(0) = oo. It is clear that ^(M) < 1{G) for every 
non-zero right Oj-G-module M. If the group G has a uniform bound on the orders of 
its finite subgroups, then 1{G) < oo. On the other hand, there are many groups with 
1{G) < oo but unbounded torsion. 

Let if be a finite subgroup of a group G. The normalizer of if in G is denoted by 
Ng{H) and the Weyl-group Wg{H) is the quotient Ng{H)/H. 

Lemma 3.3. Let G he a group and let M he a non-zero right Oj^G-module. For every 

integer d >0 exists an exact sequence of right OjrG-niodules 

such that d + ^{M) < ^{Q) and Mi e Mackj^{G) for alii e {0, . . . , d}. Moreover, one has 
H^(G,M*)- n ^""AWam^ UG/Hy ) 

He{T) s.t. 
l(H)>i+£,{M) 

for every i G {0, . . . , and each n G N. Here Ki is the image of fi and (J-") is a set 
containing one representative of each conjugacy class in T . 

Proof. Let M be a non-zero right C^G-module M. Take H e T and let Wg{H) be the 
Weyl-group of if considered as a category with one object. Associated to the functor 
Wg{H) Oj^G : Wg{H) ^ G/H, there is a restriction functor 

res : Mod-O^G ^ Mod-WG{H) : M ^ M{G/H) 

and a coinduction functor 

coind : Mod-WciH) Mod-O^G : V ^ HomH.g(^^)(Z[G/if, 

such that coind is the right adjoint of res. Define DhM — coind(M(G/if)) and note 
that the adjoint of Id : M{G/H) M{G/H) yields an canonical map jn ■ M ^ DhM 
which is the identity map when evaluated at H, and an isomorphism when evaluated 
at any conjugate subgroup if^. Denote by (J-") a subset of J-" containing exactly one 
representative from each conjugacy class in Now define DM — YIhgIj^) DrM and 
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notice that the maps jn assemble to form an inclusion /o : M ^ DM. We construct an 
exact sequence 

^ M ^ DM CM 

and claim that fo{K) is an isomorphism for all K G J-" such that 1{K) < ^(M). Indeed, 
take K e I' such that 1{K) < ^(M). If DhM{G/K) ^ 0, then this implies that H is 
subconjugate to K. Assume that H is conjugate to a proper subgroup of K. Then we have 
1{H) < 1{K) and therefore M{G/H) = 0. This however implies that DhM{G/K) = 0, 
which is a contradiction. We conclude that H is conjugate to K. In this case jniG/K) : 
M{G/K) —7- DhM{G / K) is an isomorphism. Since (J-") contains exactly one H that is 
conjugate to i^T, the claim is proven. 

We deduce that ^(CM) is strictly larger than ^(M). Continuing this process and 
denoting C{C^~^M) by C'^M, we obtain an exact sequence 

M A DM ^ DCM ^ DC^M ^ . . . A DC^M C^^^M 
such that 

e(M) < ^{CM) < ^{C^M) < e(C^M) < . . . < e(C^+^M). 

This implies that ^(M) + i < E,{C^M) for all i. In Example 4.8 of [13j it is shown that 
the modules D{—) in the exact sequence 

^ Af ^ DM DCM DC^M ^ . . . ^ DC^M C"^+^M ^ 

have a Mackey functor structure. Now denote M* = DC'M, C'^+'^M = Q and Ki = C'M. 
It remains to show that 

hxcm;)- n mwG{H), uG/Hr ) 

He{r) s.t. 

l{H)>i+£,{M) 

for every i G {0, . . . , d}. First note that since ^{M)+i < ^{Ki) and cohomology commutes 
with products, it suffices to prove that 

R'^ACDhM) = }1'}{WG{H), M{G/Hy ) 

for every right Cj-G-module M and any H e J^. Recall that DhM = coind{M{G/H)) 
and that coind is the right adjoint of res. Now let F,, — > Z be a free (9jrG*-resolution of Z. 
Then we have, 

R^CDhM) = H"(Homo^G(i^*,/^HM)) 

(9) = E''{iiomwaiH){F4G/H),M{G/H))). 

Consider the quotient map tt : Ng{H) Wg{H) and the functor 

p : O^WciH) ^ O^Ng{H) : Wg{H)/L h-> Ng{H) I'k~\L), 

and let reSp be the associated restriction functor. The functor reSp is exact. Moreover, one 
easily verifies that mSp{Ij[—,NG{H)/K]) = Z[— ,Wg{H)/ it (K)] for every finite subgroup 
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K of Ng{H) that contains H and reSp(Z[— , Ng{H) / K]) = for all finite subgroups K of 
Ng{H) that do not contain H. Therefore, the functor reSp also preserves free and hence 
projective modules. Now view, via restriction, the resolution F,, — )■ Z as a free Oj^NciH)- 
resolution of Z. Then reSp(-F*) — )■ Z is a free (9jrH/(j(if)-resolution of Z. Therefore, we 
have 

W^{WG{H), M{GlHr ) = R^iRomo^Wa(H){reSp{F,),MiG/Hr)) 

^ R''i}iomwa(H){res,iF,){WGiH)/e), M{G/H))) 
(10) = ir{YLomwa{H){F.{G/H),M{G/H))), 

where the first isomorphism follows from the fact that fixed point functors are right adjoint 
to evaluation at the identity functor. Combining ([9]) and ( JTOl) . we conclude that 



HXCZ^hM) = B*.,{Wg{H), M{G/H) ). 
This finishes the proof. □ 



Remark 3.4. The existence of the exact sequence in the previous lemma is proven in 
Lemma 4.10] for finite groups. Our proof is an immediate generalization of that proof. 
The observation that 

H^(G,M;)= n ^1{WG{H), K,{G/Hr ) 

H£{T) s.t. 

has, as far as we are aware, not appeared in the literature before. 

Using this lemma, we can prove the first part of Theorem A from the introduction. 
Theorem 3.5. Let G be a group with 1{G) < oo. Then we have 

cd(G') < max ^J^c<\{Wg{H)) + 

Proof. We may assume that J-'cd(G) < oo, otherwise there is nothing to prove. Let n = 

maxHeT ^J^cd{WG{H)) + 1{H)^ . To prove the theorem we must show that H^^^G, M) = 

for every right OjrG-module M. To this end, fix a right Oj-G-module M and assume 
by contradiction that H^+^(G, M) 7^ . Now let 

be the exact sequence constructed in Lemma [3731 for d = 1{G) (this forces Q = 0). Recall 
that the image of is denoted by Ki. By considering the long exact cohomology sequences 
associated to 
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and noticing that 

H^+^-^(G,M;)= H R-/'-\WG{H), K,{G/Hr ) = 
He{T) s.t. 

l{H)>i+£_{M) 

for alH < d (since Tc(\{Wg{H)) < n + 1 - z, if 1{H) > z), it follows that 

...^ H>+i-''(G, Ki) y^O^ ...^ H>+i-^(G, M*) = H>+i-'^(G, Ka) ^ 0. 
This is a contradiction. We conclude that H^"^^(G, M) = 0, and hence cd(G) < n. □ 

Remark 3.6. By combining Theorem C of [5] together with Example 3.6 of [28], as 
Example 6.5 of [5j, one obtains for every natural number s G N a virtually torsion free 
group Gs such that l{Gs) = s and 

J^cd(G,) + s = cd(G,). 

This could cause one to be sceptical regarding Nucinkis' conjecture for groups with 1{G) = 
00. However, one should keep in mind that in the example mentioned above (and all 
other known examples of a similar nature), J^cd{Gs) grows linearly with s. So it is still 
conceivable that there exists an upper bound for cd{G) in terms of J-'cd(G') that does not 
involve the notion of length of finite subgroups. For example, there are no counterexamples 
known to the inequality cd(Cj) < J-'cd(G)^. Let us mention that it is also still an open 
problem whether cd(G) = J^cd{G) when G admits a cocompact model for EG or an 
OjrG-resolution of Z consisting of finitely generated free Oj^G-modules. The groups Gs 
above do not admit such a model or such a resolution. 

The following corollary is immediate. 

Corollary 3.7. Let G be a group of finite length such that 

J^cdiWciH)) + 1{H)< J^cd(G) 

for every finite subgroup H of G. Then we have 

J-cd(G) = cd(G). 

We end this section with the following theorem, which is the most general statement 
we can prove regarding the KrophoUer-Mislin/Nucinkis conjecture. 

Theorem 3.8. Let G be a group. The following three statements are equivalent. 

(i) There exists a finite dimensional contractible proper G-CW-complex. There exists 
an integer d and a finite dimensional proper G-CW complex X such that is 
contractible for all finite subgroups H of G for which 1{H) > d. 

(ii) There exist integers m and d such that J^cd{G) < m and H™''"^(G', M) = for all 
M with ^(M) > d. 

(iii) There exists a finite dimensional model for E_G. 
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Proof. First assume that (i) holds. As mentioned in the introduction, no < oo imphes 
that J^cd{G) < oo. Let m be the dimension of X. Note that we may assume that 

Tcd{G) < m by replacing X with the join X * {Y[h<^t^ I ^ sufficient amount of 

times. By applying the Equivariant Extension Theorem ( [TTj Prop. 2.3]) to the G-map 
X ^ G/G and the function 



T] : J^^ ZU {(X)} : if ^ I 



oo if 1{H) > d 
otherwise, 



we obtain a model Y for EG such that all cells above dimension m have isotropy groups 
H with 1{H) < d. Let M be a right (9 jrG- module for which ^{M) > d. By definition, we 
have M{G/H) = for a /i G J-" for which 1{H) < d. Because F is a model for EG, it 
follows that 

H>(G',M) = H'(Hom^(a(r-),M)). 
Since for alH > m one has 

Hom^(a(F-),M) = Hom^(0Z[-,G'/ifJ,M) = J]M(G//7J 

with l{Ha) < d, we conclude that }i^~^^{G, M) = 0. This shows that (i) implies (ii). It is 
trivial that (iii) implies (i), so it remains to show that (ii) implies (iii). 

Assume (ii) holds and let M be a right OjrG- module. By Lemma 13. 3[ there is an exact 
sequence of right CjrG-modules 

0^ M A M* ^ M* ^ ... Mrf*_i ^ g ^ 

such that d < ^{Q) and H3r(G', M*) = for every i e {0, . . . ,d — 1} and all r > m. Now 
proceeding as in the proof of Theorem 13.51 one obtains an implication 

^Mi^Q^ M) ^ ^ H^+i(G, Q) ^ 0. 

Since ^(Q) > d, this proves that H^+^+i(G', M) = for every right C^G-module M. We 
conclude that cd(G) < m + d, so there exists a finite dimensional model for EjG. □ 

4. COHOMOLOGICAL DIMENSIONS FOR MACKEY FUNCTORS 

Let G a group and let J-" be the family of finite subgroups of G. By only allowing 
Mackey functors as coefficients for Bredon cohomology, Martinez- Perez and Nuckinkis 
define the following invariant. 

Definition 4.1. (see ^221 Def. 3.4] ) The Mackey cohomological dimension of a group G 
is 

cd^(G) = sup{n G N I 3M G Mack^(G) : H>(G,M*) ^ 0}. 
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It as an immediate consequence of Shapiro's Lemma and ([H]) that 

(11) cd^(iV)<cd^(G) 

for every subgroup of G. By restricting the coefficients even further to cohomological 
Mackey functors, we obtain yet another notion of cohomological dimension. 

Definition 4.2. For a group G, we define 

cd^^^(G) = sup{n G N I 3M e coMack(G) : H^(G,M*) ^ 0}. 

We now have four notions of cohomological dimension of a group G for the family of 
finite subgroups, that satisfy 

(12) ^cd(G) < cd,„^(G) < cd^(G) < cd(G). 

In the previous section we have already examined the relationship between J-'cd(G) 
and cd{G) when 1{G) < oo. In [29| Th. 5.1] Martinez-Perez and Nucinkis show that 
vcd(G') = J-'cd(G) = cd^(G') when G is virtually torsion-free. We will show that the 
equality J-'cd(G) = cd^(G) holds more generally for groups G of finite length. In the 
process, we will also show that the invariant cd^^j^^jG) behaves as expected when passing 
to subgroups, and is closely related to the invariant J-'cd(G'). 

We start with some technical results. 

Lemma 4.3. Let G he a group and let N he suhgroup of G. For every N -module M one 
has an isomorphism of Mackey functors 

coind^(M) = coind^(M) 

and 

ind^(M) = ind^(M) . 

Proof. Since fixed point functors are right adjoint to evaluation at the identity functors, 
and coinduction functors are right adjoint to restriction functors, we obtain for every 
K G Mackj-A^ an isomorphism 

Hom^^(ir,coind^(M)) ^ YLoyhmAK, coind^(M) ) 

that is natural in K. By letting K equal the free modules , if], for all H E J^, and 
using the naturality in K, we obtain the isomorphism 

^ : coind^(M) A coind^(M) . 

Combining this map with the natural inclusion ind^(M) — )■ coind^(M) from Proposition 
\2.2\ we obtain an inclusion of Mackey functors 

n : ind^(M) ^ coind^(M) 
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The natural inclusion of G-modules ind^(M) — )■ coind^(M) yields an inclusion of Mackey 
functors $ : ind^(Af) — )■ coind^(M). By considering the evaluation at G/e, one sees that 
the image of Q exactly coincides with image of Hence, there is an isomorphism. 

ind^(M) ^ ind^(M) . 

□ 

The following proposition is a generalization from finite groups to infinite groups of 
Theorem 16.5(i) in [31]. It gives fixed point functors a special status inside the category 
of cohomological Mackey functors. 

Proposition 4.4. Every cohomological Mackey functor is a quotient of a fixed point 
functor. 

Proof Let M G coMackjrG, and let m G M{G/H) for H e J^. Define the natural 
transformation 

QH,m ■■ 1± ^ resg(M) 

by setting 6[H / L){1) = R^{m). Using the fact that M (and hence res^(M)) is a coho- 
mological Mackey functor, one checks that QH,m is well-defined. By the adjointness of 
induction and restriction functors and the second isomorphism of Lemma 14. 3[ we obtain 
a natural transformation 

^H,m : Z[G/H] ^ M 

such that '^H,m{G/H){eH) = m. 

Although this is not necessary for the proof, we will also give an explicit description of 
'^H,m- For this we first need to agree on a basis. Let H, K & J^. By viewing G/H as a 
i^'-set and writing it as a disjoint union of transitive i^-sets, one checks that there is an 
isomorphism of i^'-modules 

Z[K/K n ^H] Z[G/H] : k{K f] ^H) ^ kxH. 

x&[K\G/H] 

Since Ij[K/K fl ^H]^ is an infinite cychc group generated by X^fee-ftr/ivTi^H ^(-^ ^-^)' 
follows that 



I kxH \xe[K\G/H]^ 



k€K/Kn^H 

is a Z- module basis for Z[G/H]^ . Using this basis, the map '^umiG / K) is given explicitly 
by 

^hAG/K) : Z[GlHf ^ M{G/K) : kxH ^ jf^.^ ° R7n^H ° c.(if)(m). 
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Now let {mjjjg/^ be a set of Z-module generators of M{G/H). Then 

= '^H,m, : Z[G/H] ^ M 

is a natural transformation of Mackey functors such that ^ h{G / H) is surjective. Hence, 
the natural transformation 

^=0^^:00^^^^ 

is surjective. Since 

00Z[GA^=00Z[G/i7], 
we conclude that M is a quotient of a fixed point functor. 

□ 

To show that the invariant cd^^^^(G) behaves well when passing to subgroups, one has 
to invoke Shapiro's Lemma. This however requires that the coinduction of a cohomological 
Mackey functor is also a cohomological Mackey functor. Rather than showing this directly, 
we will prove this by using the proposition above. 

Proposition 4.5. If N is a subgroup of G, then 

{N)<cd,,^{G). 

Proof. Let R G MackjrA^ be a cohomological Mackey functor. It follows from Proposition 
14.41 that there exists an A^-module M and a surjection of Mackey functors M — )■ i?. By 
applying coind^ and using the first isomorphism of Lemma [4. 3 [ we obtain a surjection of 
Mackey functors 

coind^(M) comd%{R). 

omce coind^(M) is a cohomological Mackey functor for G, we conclude that coind^(-R) is 
also a cohomological Mackey functor for G. The proposition now follows from Shapiro's 
lemma and (|H]). □ 

As announced earlier, we show that the invariant cd^^^^(G) is closely related to the 
invariant J-'cd(G'). 

Proposition 4.6. Let G be a group such that cA^^j^(G) < oo, then 

.Fcd(G) = cd,„^(G). 

Proof. Assume that cd^j^{G) = n < oo, and let M be a cohomological Mackey functor 
such that H^(G, M*) ^ 0. By Proposition 14.41 there exists a G-module V and a surjec- 
tion of Mackey functors V_ — )■ M. A long exact cohomology sequence then implies that 
H>(G,Z*) ^ 0. We conclude that J^cd(G) = cd^oMi^)- □ 
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Definition 4.7. Let G be a group, let M G MackjrG be a Mackey functor and let F be 
a finite subgroup of G. The suhfunctor of M generated by F is the Mackey functor 

= Pi |i? is a Mackey subfunctor of M for which R{G / F) = M(G/F)|. 

Since the morphism G/F^ 4^ G/F — )■ G/F in the Mackey category induces an isomor- 
phism between M{G/F) and M{G/F3), it follows that Mp = Mpo for every g eG. One 
says that M is generated by a collection {Fjjjg/ of finite subgroups of G, if the canonical 
map 

is surjective. Note that one may always assume that the collection contains at 

most one representative of each conjugacy class of finite subgroups of G. 

The following lemma is implicitly contained in the proof of Theorem 5.1 in |29j . 

Lemma 4.8. Let G be a group and let K be a finite subgroup of G. Let M e MackjrG be 
a Mackey functor that is generated by K such that M{G/ S) = for all S C. K . Denote 
by Q the normalizer of K in G. There exists a Mackey functor T G MackjrQ that satisfies 



I U otherwise, 



and such that there exists a surjection of Mackey functors 

coindg(T) ^ M. 

Proof. Given a finite subgroup of G and its normalizer Q, there exists an inflation 
functor (see [Ml below Prop. 2.2]) 

infg/^ : Mack^Q/K Mack^Q : k> inf^/^(A^) 

given by 

Moreover, if M G MackjrG is a Mackey functor that is generated by K such that 
M{G/S) = for all S ^ K, then by Section 4 in ^29j, there is an adjunction isomorphism 

RomQ/K{U,M{G/K)) = Hom^^(indginf^/^(F), M) 

for every Q/i^- module U. Here U is the coinvariance functor associated to the Q/K- 
module U . Hence, we can choose U = M{G/K) to obtain a map 

indginf«/^(M(G/7r)) ^ M 



Denoting T = 'mf^^j^{M{G/ K)), we get a map 

^ : indg(T) ^ M. 
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By using the fact that T{Q/K) = M{G/K), one can verify that ip is surjective when 
evaluated at G/K. Since M is generated by K, we conclude that ip is surjective. It now 
suffices to prove that indQ(T) = coindQ(T). By Proposition 12.21 this is equivalent to 
showing that the natural inclusion 

(13) TiQrsnQ)^ n nQrsnQ) 

x£lQ\G/S] x£lQ\G/S] 

is an isomorphism for every finite subgroup S of G. Now, by construction T{Q/^S fl Q) 
is zero unless K 'O (1 Q. Since 5* is a finite group, it can contain only finitely many 
different subgroups of the form K^, with x E G. On the other hand, if = K^, then 
xy^^ G Q and hence x and y represent the same element in [Q\G / S]. We conclude that 
for every finite subgroup S of G, there are only finitely many x G [Q\G/S] such that 
T{Q/^S nQ) is non-zero. This shows that the map f|T3l) is an isomorphism for every finite 
subgroup S' of G. □ 

Lemma 4.9. Let G be a group such that cd^^(G) = n < oo. Let M G MackjrG he 
generated by a collection of finite subgroups Q, such that there is a uniform bound on the 
lengths of the groups in Q. //H^(G,M) ^ 0, then there exists a finite subgroup F of G 
such that M{G/F) ^ and a WG{F)-module V such that 

W^{Wg{F),V)^Q. 

Proof. By assumption, we have a surjection 

^ M ^ 0, 
Fen 

where Mp is the subfunctor of M generated by F G fi. A long exact cohomology sequence 
implies that H^(G, 0^^^^ Mp) ^ 0. We will now make two reductions. 

A. We may assume that for each F eVL one has Mp{G/S) = for all S C. F. 

We claim that by possibly modifying the collection Q and functors Mp, we may 
assume that for each F G one has Mp{G/S) = for all S C. F, while 
H^(G, 0^gf^ Mp) 7^ still holds. We will prove this claim by induction on 

TiiMpjpen) = max{/(F) | F G s.t. 3S C F : Mp{G/S) ^ 0}. 

If Mp{G/S) = for all 5 C F and for all F G fi, then we set T{{Mp}p^n) = 0. 
Note that T{{Mp}p^^) is finite, since there is a uniform bound on the lengths of 
the groups in fl. If T{{Mp}p^fi) is zero, then there is nothing to prove. Let k > 
and assume our claim is true when t{{Mf}f(zq) < k. Now proceed by induction 
and assume that T{{MF}p(zn) = k and H^(G, 0^^^^ Mp) ^ 0. 

Let F G i7 and define ftp to be the set containing all C F for which 
Mp{G/S) 7^ 0. If no such S exist then set flp = {F}. For each S G Qp, de- 
fine Ns to be the Mackey subfunctor of Mp generated by S. Let fl = Up^Qflp 
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and define Np = ^sgQf Finally, consider the natural map from Np to Mp 
and denote the kernel of this map hj Rp- Now consider the short exact sequences 

(14) O^0i?^->0iVf ->05,.->O 

Fen Fen Fen 

and 

(15) O^^Bp^^Mp-^^Mp/Bp^O. 

Fen Fen Fen 

The long exact cohomology sequence associated to ( fT5l) implies that either 

H>(G,0(AVi?^)*)^O 

Fen 

or 

H>(G, 05^)^0. 

Fen 

In the first case, we have Mp/Bp{G/S) = for all S* C F and Mp/Bp is 
generated by F, as desired. In the second case we obtain that H^(G, 0pgf^ Np) ^ 
0, by considering the long exact cohomology sequence associated to (fl^ . 

Since 

0iV^ = 0iV„ 

sen 

and by construction T{{Ns}g^^) < k, the claim follows by induction. 

B. We may assume that Q contains at most one representative of each conju- 
gacy class of subgroups of G, while assumption A still holds. 

To prove this, let f2 be a subset of Q containing exactly one representative from 
each conjugacy class of subgroups in Q and define 

Mp= = Mp, 
Foen s.t. 

BgeG:Fo=F3 

for each F ^ Cl. Then clearly 

0M^ = 0M^. 

Fen Fen 

Moreover Mp is generated by F and Mp{G / S) = for every subgroup S C. F, 
since D{G/S) = D{G/S^) for every Mackey functor D and every g & G. This 
finishes the proof of reduction B. 
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We now proceed assuming A and B. 

Denote, for each F ^ Q, the normahzer of F in G by Qp- By Lemma [4.81 there exists 
for each F G a Mackey functor Tp G MackjrQp that satisfies 



^ ' ^ 1^ otherwise, 



and a surjection of Mackey functors 

/?^ = coindg^(Tp) -^M^. 

One easily checks, using Proposition \2.2\ that for each finite subgroup S of G, the group 
Rf{G/S) is non-trivial only if F is conjugate to a subgroup of 5*. Since Q contains at 
most one representative of each conjugacy class of subgroups of G it follows that for each 
finite subgroup S of G, Rf{G/S) is non-zero for at most finitely many F G fi. This shows 
that the natural inclusion 

0i?i.-> 1[Rf 

Fen Feo 
is surjective. Therefore, we obtain a surjection 

Fen Fen 

A long exact cohomology sequence and the fact that cohomology commutes with products, 
now imply that there exists an F G f2 such that Hj-(G, Rp) ^ 0. Since Rp = coindQ^(Tp) 
and is the normalizer Ng{F) of F in G , it follows from Shapiro's lemma and ([8]) that 
H^(iVG<(F), T^) 7^ 0. Now consider the short exact sequence 

1 ^ F ^ Ng{F) a Wg{F) ^ 1. 

From [25| Th. 5.1], we obtain a convergent spectral sequence 

ii^WG{F),R^n-\-),T*p)) =^ E^-;\Ng{F),TP). 

Since n~^{K) is finite, for every finite subgroup K of Wg{F), this spectral sequence 
collapses and yields 

}i-AWG{F),TF{NG{F)/n~\-)r) = H>(iVa(F),T;) ^ 0. 

Since Mp is obtained form M by taking a certain combination of successive subfunctors 
and quotients, and Tp{Ng{F)/71^^{—)) = Mp{G/F) by construction, the theorem is 
proven. □ 

We can now prove the second part of Theorem A. 

Theorem 4.10. Let G he a group of finite length, then 

.Fcd(G) = cd,„^(G) = cd^(G). 
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Proof. We may assume that J-'cd{G) < oo, otherwise there is nothing to prove. Since 
1{G) < oo. Theorem 13.51 imphes that cdcoMi^) — cd A^fC) < cd(G) < oo. It follows from 
Proposition 14.61 that J-'cd(G') = cd^o^(G). Finally, let n = cd^(G'). By Lemma \5A] we 
have cd^oMi^ciF)) = cd^oMi^ciF)) and therefore cd^oMi^ciF)) < cd^^Mi^) every 
finite subgroup F of G. Since coinvariance functors are cohomological Mackey functors. 
Lemma implies that cd^^j^^(G) = cd^(G). 

□ 

Theorem A naturally leads to the following questions, which partially appear also in 
the open questions section of [29] . These questions can be seen as refinements of Nucinkis' 
conjecture mentioned in the introduction. 

Question 4.11. Let G be a group with 1{G) = oo. 

(1) Can one have J-'cd(G) < oo but cd^^j^{G) = oo? 

(2) Can one have cd^^^^(G) < cd^^fG) ? Can one have cd^Q_^(G) < oo but cd_^(G) = 
oo? 

(3) Can one have cd ^^fG) < oo but cd(G) = oo? 

5. Closure properties of and OJl 

We begin with the following lemma that deals with extensions with finite kernels. The 
statement about cd(r) is well known, while the result about J-'cd(G) also partially follows 
from ^ Prop. 3.8]. 

Lemma 5.1. Consider a short exact sequence of groups 

1 ^ F ^ F ^ G ^ 1 

with F a finite group. One has cd{T) = cd(G), cd(^co)M(^) ~ ^(co)Mi^) > ^'^^ J^cd(G) = 
J'cd(r). 

Proof. By [25l Th. 5.1], we have a convergent spectral sequence 

E^'^(M) = H^(G,H^(7r-i(-),M)) =^ H^+^(r,M) 

for every right OjrP- module M. Since tx^^{H) is finite for every finite subgroup H of G, 
we have B.'^-^{ti~^ {H) , M) = for all g > and }l'^^{7i-\H) , M) = M{G/7i-\H)). This 
implies that the spectral sequence collapses and yields 

H>(G,M(G/7r-i(-))) ^ H^(r,M) 

for every right OjrP-module M. We conclude that cd(r) < cd(G). Now let iV be a right 
OjrG-module. The map tt : F — t- G induces a functor 

TT : Cj-F ^ O^G : T/H ^ G/7v{H). 
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Denote by reSjr the associated restriction functor for right Bredon modules and let M = 
Tes^{N). Then M{G/7i-'^{-)) = N and hence 

R^G^N) = H^(r,M) 

for every right OjrG- module N. It follows that cd{G) < cd(r) and hence cd{G) = cd(r). 

The other algebraic equalities are proven in a similar fashion as the equality for Bredon 
cohomological dimension, by restricting to (cohomological) Mackey functor coefficients or 
fixed point funtor coefficients. □ 

Lemma 5.2. Let N be a finite index subgroup of G and assume that cd ^^(G) = n. The 
following hold. 

(1) Let M G MackjrG be a Mackey functor generated by finite subgroups F G N. If 
H>(G,M*) ^ then H^(iV,M*) ^ and hence cd^(A^) = n. 

(2) //H^(G',M*) = for all Mackey funtors M G Mack^G for which M{G/F) = 
for all F CN, then cdj^{N) = n. 

Moreover, (1) and (2) remain valid when restricting to cohomological Mackey functors 
and assuming that cd^^j^iG) = n. 

Proof. Let us first prove (1). Let ind^ (^es^) be the induction (restriction) functor as- 
sociated to M.jrN — )■ M.jrG. Since ind^ is left adjoint to res^, we obtain a canonical 
map 

p: A = ind^(res^(M)) -> M. 

One can easily verify that p{G/F) is surjective for all F C N. Since M is generated by 
finite subgroups of A^, it follows that p is surjective. A long exact cohomology sequence 
now yields the exact sequence 

H>(G, A*) -> H^(G, M*) 0. 

Hence, we have H^(G, A*) ^ 0. Now Shapiro's lemma and Proposition 12.21 imply that 

H^(A^,M*) = H>(G,A*) ^ 0. 

This proves part (1) of the lemma. 

Now let M G Mack^G such that H^G, M*) ^ 0, denote 

R= Q Mf 

FCN 
\F\<oo 

and consider the following exact sequence of Mackey functors 

^ Ro ^ R ^ M ^ Mo ^ 0, 

where Rq and Mq are the kernel a cokernel of the natural map from R to M. Since 
Mq{G/F) = for all F C A^, it follows from the assumptions of (2) and the long exact co- 
homology sequence associated to R/Rq M -)■ Mq that H^(G, (R/Rq)*) ^ 0. 
But then the long exact cohomology sequence associated to — )■ i?o ~^ -R ~^ ~^ 
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implies that Hj-(G, R*) ^ 0. Since R is generated by the finite subgroups of iV, it follows 
from part (1) of the lemma that cd^(A^) = n. This proves part (2). 

Note that induction and restriction of cohomological Mackey functors produces co- 
homological Mackey functors. Moreover, quotient and subfunctors and direct sums of 
cohomological Mackey functors are also cohomological Mackey functors. Therefore, the 
preceding arguments remain valid in the context of cohomological Mackey functors and 

We are now ready to prove Theorem B from the introduction, which gives a partial 
answer to Question 6.3 in [29] . 

proof of Theorem B. We shall only prove the statement for cd^((j). The statement for 
cd^Q_^(G) is proven entirely similar, by restricting to cohomological Mackey functors. 
From ^25i Th. 5.1] we obtain a convergent spectral sequence 

H^(Q,H^(7r-i(-),M*)) =^ W.;%G,M*) 

for every Mackey functor M G MackjrG. It follows from Propostion 12.31 that 

MrQ Ab : Q/F ^ R^7i-\F), M*) 

is a Mackey functor. A standard spectral sequence argument now reduces the problem to 
the case where Q is finite. 

Assume Q is a finite group. We will use induction on the index [G : N]. If [G : A^] = 1, 
then the statement is trivial. Now assume the statement is true for all extensions for 
which the order of the quotient group is strictly smaller than \Q\. 

We may assume that is the maximal non-trivial normal subgroup of G, otherwise we 
would be done by induction. By assumption, we have cd^^ {G) = n < oo (if cd(iV) < oo 
then cd(G) < oo by [HI Th. 2.4] ) and let M e Mackj-G be a Mackey functor for which 
H^(G, M*) 7^ 0. Our goal is to show that n = cd^(A^). We may proceed while assuming 
that M{G/F) = for all F ^ N, since otherwise we would be done by Lemma [5.2( 2). 

Choose a collection Q of finite subgroups of G such that Q generates M. We can assume 
that fl contains at most one representative of each conjugacy class of finite subgroups of 
G and that Q does not contain subgroups of A^. Since there is a uniform bound on the 
lengths of subgroups in Q, it follows from Lemma [4. 9 [ that there exists a finite subgroup 
F of G that is not contained in N such that cdj^^(Nn(F)) = cdj^^(Wn(F)) = n. We now 
consider two cases. First assume that tt{Ng{F)) = Q. Then NF is a normal subgroup of 
G, which implies that '/r(F) = Q since N is maximal normal. It follows that 

Wg{H) = Ng{F)/F = Ng{F) riN^NnF. 

and therefore 

n = cdj^iWGiF)) = cdj^iNGiF) n N) < cdj^{N). 
We conclude cd^(A^) = n. 
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Secondly, assume that it {Ng{F)) = Qq '^Q. In this case, there is a short exact sequence 

1 -> Ng{F) n -> Ng{H) Qo -> 1 

By induction we conclude that cd ^^{Na{F) n N) = n and hence cd^(A^) = n which 
completes the induction and finishes the proof. 

□ 

Remark 5.3. Let G be a group with a finite index subgroup A^. If cd(A^) < oo, then a 
geometric construction of Liick (see [THt Th. 2.4]) implies that cd(G) < [G : A^]cd(A^). 
In particular, it follows that cd(G) < oo. Such a result is missing for Mackey functors, 
meaning that we do not know whether cd(^^^^j^{N) < oo implies cd(^^^-^j^{G) < oo, if we 
do not assume that cd(A^) < oo. This is the reason why we must assume that either 
cd(A^) < oo or cd(co)A^(^) < oo in the statement of Theorem B. On other hand, Nucinkis' 
conjecture implies that cd(^^^^j^{N) < oo if and only if cd(A^) < oo. 

Therefore, the following question is of some interest. 
Question 5.4. Let G be a group with a finite index subgroup A^. Can one prove that 

£A{co)Mi^) < OO ^ cd(^co)MiG) < oo, 
without assuming that cd(A^) < oo? 

Finally, we turn to the proof of Theorem C which requires the following lemma. 

Lemma 5.5. A contractible finite dimensional G-CW- complex X and a G-module M give 
rise to a convergent Ei-term spectral sequence 

Yl H^(G,,M*) =^ }F/\G,M*), 

where Ap contains representatives of G- orbits of p-dimensional cells of X and G^ is the 
stabilizer of the cell a. 

Proof. In the proof of Proposition 3.2 of , a convergent E'l-spectral sequence 
II H^(a, V) =^ HP+^(Hom^(C,(X-) ® C.{EG-)), V)) 

is constructed for every right O^G-module V. Here G^iXxEG)^) = G,{X")®C,{EG") 
is the cellular chain complex of the i^-fixed point set {X x E_G)^ , Ap contains represen- 
tatives of G-orbits of p-dimensional cells of X and G^^ is the stabilizers of the cell a. We 
will apply this for V = M * . Clearly one has 

H' (Hom^(G*(X-) ® C4EG-),M*)) = H'(HomG(G,(X) ® C,{EG),M)) 

by adjointness of fixed point functors and evalution at the identity functors. We claim 
that 

H^(G,M*) ^ H'^(HomG(G,(X) ® G.(EG),M) 
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for every r E N. To prove this, note that H^(G,M*) = J^W{G,M) by Proposition O 
Hence, since X x EG is a contractible proper G-CW-complex, it suffices to show that 
C^{X)®C^{E_G) — i- Z is if-spht when restricted to a finite subgroup H of G. By Corollary 
3.4 in |31j, we know that G^{E_G) — )■ Z is if-split, and by Theorem 1.4 in [15] the complex 
C^{X) -)■ Z is also if-split. We therefore conclude that C*(X) ® G^{EG) Z is if-split 
by Lemma 2.3 in [31]. This proves the lemma. 

□ 

proof of Theorem C. Property (1) for J-'^ is proven in [311 Lemma 2.1], and also follows 
from Shapiro's lemma, ([H]) and Lemma [4.3[ Property (1) for DJld is proven in flTT]) . while 
Property (2) follows from Lemma 15.11 Property (3) is immediate from Theorem B, since 
all groups in £ n OJtc have finite Bredon cohomological dimension for proper actions, by 
Theorem A. 

Now assume that X is a contractible G-CW-complex of dimension at most n and with 
isotropy groups in ^a- For a G-module M, it follows form the spectral sequence of the 
Lemma ED that HJ+'^+^(G, M*) = 0. This proves Property (4). 

Finally, assume that G that act by isometrics, discrete orbits and with isotropy in 5d 
or Wld on a separable CAT(0)-space Y of topological dimension at most n. Following the 
proof of Theorem A in [B] one can use Proposition 2.6 in [Sj to find a G-CW-complex X 
of dimension at most n and with isotropy in or DJld together with cellular G-maps 

EG^X xEG^EG 

such that (70/ is G-homotopy equivalent to the identity map via cellular maps. By passing 
to cellular OjrG-chain complexes, we obtain chain maps 

C,{EG-) 4 G,(X-) ® C,{EG-) 4 CiEG-) 

such that g o f is chain homotopy equivalent to the identity map. This implies that for 
every right OjrG-module M and every r G N, we have maps 

H^(G,M) = H''(Hom^(G,(EG-),M)) ^ R''{Rom^{C,{X-)0C,{EG-), M)) H>(G, M) 

whose composition is the identity map. We deduce that H5r(G, M) injects into 

H"(Hom^(G.(X-) ® CiEG-), M)) 

for every r G N. As noted in the proof of Lemma 15. 5[ there is a convergent i?i-spectral 
sequence 

W H^(G,, M) =^ W+\Yfom^{G.{Y-) ® G,{EG-)), M) 

for every M G OjrG-Mod. Property (5), respectively (6), now follows from this spectral 
sequence by restricting to fixed point functor coefficients, respectively Mackey functor 
coefficients, and assuming that Y (and hence X) has isotropy in ^di respectively 971^. 

□ 
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The following question now also presents itself. 

Question 5.6. Does property (3) of Theorem C remain valid when we remove Does 
property (4) of Theorem C remain valid if we replace ^ with DJl? 

We finish this paper by pointing some consequences of the conjecture by Nucinkis 
stating that 



for all groups G. For a countable group with cd(A^) < oo, let Cat be the class of all 
groups that arise as extensions of subgroups of by finite groups, and define the invariant 



A more restrictive version of this invariant (that only allows extensions by finite cyclic 
groups) was defined in [S] as a tool for studying the behavior under group extensions 
of Bredon cohomological dimension for the family of virtually cyclic subgroups (denoted 
by cd). There are no groups A^ known for which cd(A^) < oo but S{N) = oo, but it is 
in general a very difficult problem to determine whether or not S{N) is finite for a given 
group A^. On the other hand, let A^ G -Cfl^ and assume that ^(A^) = oo. Then there must 
exist a collection of groups {FijigN such that Fj has a finite index subgroup contained in 
A^ and cd(Fj) > i. It follows property (3) of Theorem C that J-'cd(Fj) < J^cd(A^) < oo 
for every i G N. Now define G as the infinite free product of all the groups Fj. Then 
clearly one has cd(G) = oo. On the other hand, by considering the action of G on the 
Bass-Serre tree associated to this free product, one obtains form property (4) of Theorem 
C that J-'cd(G) < 1 + J-'cd(A^) < oo. We are led to the following observation. 

Observation 5.7. Assuming that f[TB|) is true, the following three statements hold. 

(1) One has 6{N) < oo for all A^ G £ n ^. 

(2) The class of groups containing all groups with finite length and finite Bredon 
cohomological dimension for the family of finite subgroups, is closed under group 
extensions. 

(3) The class of group containing all groups with a uniform bound on the orders of 
their finite subgroups and with finite Bredon cohomological dimension for the 
family of virtually cyclic subgroups, is closed under group extensions. 

Observation (1) follows from the discussion above. Observation (2) follows from observa- 
tion (1) and a simple spectral sequence argument (see |25l Cor 5.2]). Finally, observation 
(3) follows from combining observation (1), [51 Th. B] and fIE\ Th. 2.4] together with a 
similar spectral sequence argument as before. 



(16) 




6{N) = sup{cd(F) I F G Ctv}- 
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